Introduction
Several techniques (such as [CE11], [Mas18b] , and [Mas18c] ) have recently been developed to compute explicitly mod ℓ Galois representations afforded in the torsion of Jacobians of curves. However, many "interesting" representations (e.g. in view of the Langlands program) are not naturally found in Jacobians, but rather in higheŕ etale cohomology spaces of higher dimensional varieties. They are thus inaccessible to the aforementioned methods, and, to the author's knowledge, computational methods to deal with these representations have not yet been developed.
The purpose of this mainly expository article is to sketch such a method. Although it is still at an experimental stage, it is already sufficiently advanced for us to be able to prove our concept by giving a concrete example of application, which we also present in this article.
The concrete example that we have chosen comes from [GT94] , where B. van Geemen and J. Top give evidence towards a conjecture of L. Clozel's . They exhibit a Hecke eigenform u over a congruence subgoup of SL 3 (Z) of level 128, whose Hecke eigenvalues lie is Z[2 √ −1], and an algebraic surface S over Q, such that for all primes ℓ ∈ N, H 2 et (S, Q ℓ ) apparently contains a Galois-submodule affording the quadratic twist by −2 of the ℓ-adic representation ρ u,ℓ : Gal(Q/Q) −→ GL 3 Q ℓ ( √ −1)
attached to u. Representations attached to this kind of modular forms are not even known to exist; this one in particular is not self-dual, which motivates van Geemen's and Top's interest. As u has level 128 = 2 7 , the ℓ-adic representation ρ u,ℓ (if it exists) ought to be unramified away from 2 and ℓ. According to [GT94] , for each unramified p, the characteristic polynomial of ρ u,ℓ (Frob p ) is
where a p is the corresponding eigenvalue for u, and a p is the image of a p under complex conjugation. In particular, the determinant of this representation is the cube of the ℓ-adic cyclotomic character, and the value of a p can be recovered as the trace of the Frobenius.
Since for all p, a p lies in Z[2 √ −1], the characteristic polynomial χ p (x) is always congruent to (x − 1)
3 mod 2. This shows that the mod 2 representation is trivial (up to semi-simplification). Therefore, we have chosen to consider the more interesting (and challenging) case ℓ = 3.
The purpose of this article is thus to explain how we have almost certainly succeeded to computed explicitly the mod 3 representation ρ u,3 : Gal(Q/Q) −→ GL 3 (F 9 ) found up to twist in H 2 et (S Q , Z/3Z). Here and in the rest of the article, by computing explicitly a mod ℓ Galois representation, we mean computing a polynomial whose roots are permuted by Galois in the same way as the vectors in the space of the representation, as well as extra data making it possible to determine for any unramified prime p ∈ N the image of the the Frobenius at p up to conjugacy. In our case, this implies in particular that our computations allow us to determine mod 3 the eigenvalue a p of u for all p 5. For instance, we can compute in four seconds that if p = 10 1000 + 453 is the first prime after 10 1000 , then a p ≡ −1 mod 3Z[ √ −1]. As a bonus, the Galois group of the polynomial that we thus obtain, which is by construction the image of ρ u,3 , turns out to be a particularly interesting subgroup of GL 3 (F 9 ) (cf. section 5).
Remark 1.2. Unfortunately, because of the reason given in remark 4.1, we are unable to certify rigorously that the results of our computations are correct (but recall that it is not even known that ρ u,3 exists in the first place). However, the fact that we are eventually able to recover the value of the a p mod 3 from the representation (cf. section 6) shows that our results are correct beyond reasonable doubt.
The central idea making this computation possible, which we owe to J.-M. Couveignes, is a method to construct by dévissage a curve C (depending on ℓ) such that the reduction mod ℓ of ρ u,ℓ is contained in the ℓ-torsion of C. The point is that once we have obtained an explicit model for C, we are able (at least in theory) to compute the representation, thanks to our technique presented in [Mas18c] .
We will sketch this construction in section 2, after which we will apply it to ρ u,3 in section 3. Next, we will explain in section 4 how we used the result to compute a polynomial corresponding to ρ u,3 , after what we use this polynomial to determine the image of ρ u,3 in section 5. Finally, we will show in section 6 how to compute the image of Frobenius elements.
Dévissage
Suppose we are given a surface S defined over Q and a prime ℓ ∈ N such that H 2 et (S, Z/ℓZ) contains a Galois-submodule affording a mod ℓ Galois representation ρ that we wish to compute, where S is the base change of S to Q. We are going to sketch a heuristic construction of a curve whose Jacobian will hopefully contain ρ (or a twist thereof) in its ℓ-torsion. This construction is an example of the method of dévissage summarized in [SGA4 1 2 , 3.4]. Of course, this curve will depend on ℓ.
Remark 2.1. The statement we will make in this section is only heuristic. We hope to be able to formalize it in a next version of this article.
Let µ ℓ be the Galois module formed by the ℓ-th roots of unity. We will also denote by µ ℓ the constant sheaf attached to µ ℓ on theétale site of a variety, and similarly for Z/ℓZ.
Recall [MilEC, 14.2 ] that when C is a complete and connected curve over Q, we have canonical (and hence Galois-equivariant) identifications
where J is the Jacobian of C. By Poincar duality [MilEC, 14 .7], we deduce the identifications Recall also that if F −→ X −→ B is a fibration of topological spaces, we have a Serre spectral sequence
In the algebraic setting, let us thus consider a dominant morphism π : S −→ B from the surface S introduced above to a complete and geometrically connected curve B also defined over Q. Denoting by S and B the base-changes of S and B to Q, we have a Leray spectral sequence [MilEC, 12. 7]
But B and the fibres of π have dimension 1, so E
∞ for all p, q such that p + q = 1, which means that H 2 (S, Z/ℓZ) admits a filtration with two "small" components of F ℓ -rank one
and one "large" component H
So if none of the Jordan-Hölder components of the representation ρ contained in H 2 et (S, Z/ℓZ) are Z/ℓZ nor µ ℓ , then ρ is also contained in the "large component". Since according to [MilEC, 12. 2] the stalk of the sheaf
(1) where S b = S × B b is the fibre of π at b, we hope that, up to twist by the mod ℓ cyclotomic character, ρ is contained in the ℓ-torsion of the Jacobian of the curve C which is the cover of B such that the fibre of this cover at any b ∈ B is Jac(
This leads to the following plan of attack to compute ρ ⊂ H 2. Interpolate to glue these data into an explicit model of the cover C −→ B, 3. Catch a twist of ρ in the ℓ-torsion of the Jacobian of C.
The first and last steps require one to be able to compute explicitly the representations afforded by the torsion of the Jacobian of any curve, which is possible thanks to the method presented in [Mas18c] . In fact, this is the reason why we invented this method in the first place.
The second step, as presented here, is quite vague. Fortunately, this will not be a problem for the example that we have in mind, because the fibres S b will be elliptic curves. We have not yet studied how to treat the general case.
3 Computation of a nice model of C We now apply the method presented in the previous section to the case of the representation ρ u,3 introduced in section 1. According to [GT94, 3.7] , the mod ℓ representation ρ u,ℓ ⊗ −2 · ought to be contained in H 2 et (S, Z/ℓZ) for all ℓ, where S is the minimal regular model of the projective closure of the surface of equation
In order to apply the method presented in the previous section to this surface, we need to choose a nonconstant map π : S −→ B, where B is a curve. We choose B = P 1 with coordinate λ, and π the map sending (x, y, z) to λ = y/x. The fibre of π at λ is obtained by setting y = λx in (3.1). For λ ∈ {0 ± 1, ∞}, it is an elliptic curve E λ of j-invariant
Although π is only a rational map from the surface defined by equation (3.1) to P 1 , it becomes a morphism once we blow up this surface in order to obtain a regular model.
By definition, for each λ, the Galois action on the roots of ψ ℓ,λ (x) thus describes the Galois action on the x-coordinates of the points of E λ [ℓ]. We then compute R ℓ,λ (y), the resultant in x of ψ ℓ,λ (x) and of the Weierstrass equation of E λ , which yields a polynomial describing the Galois action on the y-coordinates of E λ [ℓ]. For ℓ = 3, the y-coordinate happens to be injective on E λ [ℓ] for generic λ; indeed, R 3,λ (y) is squarefree for λ = 2.
We have thus computed the Galois representation afforded by the Jacobian of the fibre of π in terms of λ. Substituting x for λ, we obtain the following rather ugly plane model for C: A [Magma] session still manages to reveal in a few seconds that C has (geometric) genus g = 7. This is good news, as our method [Mas18c] cannot reasonably cope with genera beyond 20 or 30.
Remark 3.3. We can easily do the same computation for other values of ℓ, and thus get plane models of curves that ought to contain a twist of ρ u,ℓ in their Jacobian. However, already for ℓ = 5, the model we get is so bad that [Magma] is unable to tell us what the genus is (the computation was interrupted after 5 days, because it was using more than 400GB of RAM). It would be interesting to have a crude guess for the asymptotic of the genus in terms of ℓ, so as to see how far we can reasonably push this method.
Let us get back to the case ℓ = 3 and to our curve C of genus 7. The model we have jut obtained has degree 56, and therefore arithmetic genus 1485. We do not want to work with such a badly singular model, so we attempt to eliminate the worst of the singularities by having [Magma] determine the canonical image of C in P 6 and projecting it on a plane. This yields the already more appealing model We check that this model still has genus 7, which by Riemann-Hurwitz ensures that it is birational to the previous one, as opposed to being a quotient of it.
By projecting the canonical image onto another plane, we also find that C is a cover of degree 2 (simply given by x → x 2 on our new model) of a curve E of genus 1, which turns out to be an elliptic curve isomorphic to the modular curve X 0 (24). We learn from the [LMFDB] that this curve has rank 0. After careful back-tracking, this allows us to determine the complete list of rational points of C in our new model.
In order to further simplify our model for C, we turn to a trial-and-error manual shifting and rescaling process based on the shape of the rational points thus obtained and on the observation of the p-adic valuations of the coefficients of our model for small primes p. After a few attempts, we obtain the quite satisfying model
+ (9y 9 − 36y 8 − 36y 7 + 36y 6 + 18y 5 − 36y 4 − 36y 3 + 36y 2 + 9y) = 0.
Remark 3.4. The whole process to obtain a nice model for C was rather rustic. Most computer algebra systems include algorithms that, given a complicated polynomial defining a number field, are able to find a much simpler polynomial defining the same field (when it exists); it would be nice to have similar algorithms for curves!
The arguments of the previous section let us hope that the 3-torsion of the Jacobian of this curve contains the twist of representation contained in H 2 et (S, Z/3Z) by the mod 3 cyclotomic character χ 3 . Since this representation was already the twist of the representation ρ u,3 we are interested in by
, this is just an extra twist. In fact, since χ 3 agrees with the quadratic character
, the twist we hope to find in the Jacobian of C is ρ u,3 ⊗
In order to confirm this, we can check that the characteristic polynomials match at a few primes p. Indeed, let ρ ′ u,3 be the GL 6 (F 3 )-valued representation obtained from the GL 3 (F 9 )-valued representation ρ u,3 . On the one hand, we know that for p = 2, 3, the characteristic polynomial of ρ
the norm from F 9 to F 3 of the polynomial χ p (x) given in (1.1), and furthermore [GT94, 2.5] provides us with the values of the Hecke eigenvalues a p of u for p 67.
On the other hand, we can determine the characteristic polynomial L p (x) ∈ Z[x] of the Frobenius at p acting on the Jacobian of C (which is the local factor at p of its Remark 3.5. Since g = 7, the degree of L p (x) is 14. We actually observe that for
(even after significantly increasing the padic accuracy in our computation, cf. the next section), leads us to guess that the Galois-module J[3] decomposes as
where * is non-trivial. In other words, the twist ρ 
Computation of the representation in J
Now that we have obtained a reasonable model for C, we are going to use our method [Mas18c] to compute the representation ρ ′ u,3 ⊗ 6 · that we hope is afforded by a Galois submodule T of the 3-torsion of the Jacobian J of C. This method requires us to pick a prime p of good reduction for which the local L factor L p (x) ∈ Z[x] and the characteristic polynomial χ ′ p ( 6 p )x are known, and such that χ
We choose p = 11, which satisfies these assumptions.
, which is irreducible; this fact will be useful on two occasions below.
Our method performs by generating points of J[3] over an appropriate extension of F 11 and projecting them onto T thanks to the action of Frob 11 until we get a basis of T , to lift this basis 11-adically, and then to evaluate a Galois-equivariant rational map α from J to A 1 at the points of T . If the 11-adic accuracy is sufficient, then we will be able to identify the coefficients of the polynomial
as rational numbers; if furthermore α is injective on T , we will thus have obtained a polynomial whose roots are permuted under Galois just as the non-zero points of T are.
Here, the fact that the characteristic polynomial of Frob 11 is squarefree implies that Frob 11 is a cyclic endomorphism of the F 3 -vector space T , which means that we can afford to lift only one point of T and recover a basis by applying Frob 11 repeatedly.
Remark 4.1. Apart from the fact that we do not even know how to prove that ρ u,3 exists and is afforded in H 2 et (S, Z/3Z), the fact that we identify the coefficients of F (x) from their p-adic approximations is the main reason why we cannot rigorously certify that our computation results are correct. Nevertheless, we will give in section 6 below very strong evidence that these results are correct beyond reasonable doubt.
In order to be able to compute in J, we need to fix an effective divisor D 0 on C of degree d 0 2g + 1 = 15 for which we can explicitly compute the corresponding Riemann-Roch space. In order to construct the evaluation map α, we also need to pick two non-equivalent effective divisors E 1 , E 2 of degree d 0 − g such that we can also compute the Riemann-Roch spaces attached to 2D 0 − E 1 and 2D 0 − E 2 (the notations are the same as in [Mas18c] ).
It is qualitatively clear that we should strive to choose D 0 , E 1 and E 2 so that these three Riemann-Roch spaces are as "nice" as possible, since the values of α will then have smaller arithmetic height, so that the p-adic accuracy required to identify the coefficients of F (x) will be lower and the computation will be more efficient. where R has degree 1 and M 1 and M 2 both have degree 2.
Remark 4.2. It may happen that the Q-basis of a Riemann-Roch space becomes linearly dependent when reduced mod p. Fortunately, this is easy to detect, because functions on C are represented internally in [Mas18c] as the vector of their values at a large enough set of fixed points of C. This is also easy to fix, by Gaussian elimination: given s 1 , · · · , s d ∈ Q(C) forming the basis of a given Riemann-Roch space, if i λ i s i ≡ 0 mod p for some λ i ∈ F p not all 0, it suffices to substitute 1 p i λ i s i to s j , where j is such that λ j = 0 and the λ i are lifts to Z of the λ i . However, this complicates the basis of the Riemann-Roch space, which in turn increases the height of the values of the evaluation map α. Fortunately, this phenomenon does not occur with our choices of D 0 , E 1 , E 2 and p. Now that we have made these choices, we are ready to launch the computations. After about 30 hours of CPU time (but only 1 hour of real time, thanks to parallelisation), we obtain a polynomial F (x) of degree 3 6 − 1 = 728 whose coefficients are rational numbers which all have (up to some small factors) the same denominator, a 191-digit integer. The p-adic precision used was O(11 1024 ). The discriminant of F (x) factors into a large power of 2 times a huge power of 3 times a large square, which indicates that its coefficients have probably been correctly identified from their p-adic approximations. The fact that discriminant is non-zero also shows that α is injective on T minus the origin, so that the roots of F (x) represent faithfully the Galois action on T minus the origin, as desired.
The image of ρ u,3
We find that the polynomial F (x) computed in the previous section has three factors over Q, of respective degrees 224, 252, and 252. This shows that the image of our representation does not act transitively on F 6 3 minus the origin. However, the degrees of these factors do not clearly indicate which subgroup of GL 6 (F 3 ) we are dealing with. In order to figure this out, we would like to determine the Galois groups of these factors; however, their degrees and heights are far too large for standard Galois group computation algorithms. We would therefore like to reduce these factors (in the sense of remark 3.4), but they are actually too large even for this! As in [Mas18a, section 2], we circumvent this problem by considering the projective version of our representation, which has values in PGL 3 (F 9 ). We can obtain a polynomial corresponding to this representation by gathering the 11-adic roots α(t) of F (x) along the F 9 -vector lines of T in a symmetric way (e.g. by summing or multiplying them). However, this requires us to understand the F 9 -structure of T , whereas we only know the F 3 -structure for now.
Let Φ ∈ GL(T ) be the action of Frob 11 on T . We know that F × 9 acts on T by a cyclic subgroup of GL(T ) of order 8 contained in the commutant of Φ. Luckily, Φ is cyclic, so its commutant is simply F 3 [Φ], which is a ring isomorphic to F 3 6 since the characteristic polynomial of Φ is isomorphic over F 3 . In particular, there is a unique cyclic subgroup of order 8 in
× . We can thus compute as above a polynomial F 0 (x) of degree (which is also that attached to ρ u,3 ).
We can also be a bit more subtle, and consider all intermediate representations between the linear one and the projective one. Let us write F 9 = F 3 (i), where i 2 = −1. Then the subgroups of F × 9 are, in decreasing order,
We can construct as above polynomials F 0 (x), F 1 (x), F 2 (x) and F 3 (x) = F (x) describing the corresponding quotients of ρ u,3 ⊗ 6 · . These polynomials factor over Q as follows:
Quotient by Degrees of factors F If anything, the fact that we have two factors for the projective representation that become three factors afterwards is rather mysterious.
Fortunately, one of the factors of F 0 (x) has degree 28, which is small enough that we can compute a much simpler polynomial defining the same number field, namely This polynomial is nice enough that [Magma] can rigorously determine its Galois group in less than a minute. This group turns out to be the simple group PSU 3 (F 9 ), which explains all the observations made above! Indeed, first of all one checks thanks to [Pari/GP] that the field defined by the factor of degree 63 of F 0 (x) is contained in the compositum of the field defined by that of degree 28 with itself, which shows that these factors have the same splitting field. Next, since there are no nontrivial cubic roots of unity in characteristic 3, the quotient SU 3 (F 9 ) −→ PSU 3 (F 9 ) is actually an isomorphism; in particular, it admits a section. This means that one twist of ρ u,3 has image SU 3 (F 9 ) (and actually, this twist is the one by the mod 3 cyclotomic character χ 3 = −3 · since we have seen that det ρ u,3 = χ 3 3 = χ 3 ). Let now H be a non-degenerate Hermitian form on the space F n q 2 , where q is a prime power and n ∈ N, and let A n (respectively B n ) be the number of elements t ∈ F n q 2 such that H(t) = 1 (respectively, such that H(t) = 0). Since the norm between finite fields is surjective, A n is also the number of elements t ∈ F n q 2 such that H(t) has prescribed value y ∈ F × q . From this fact, one easily determines a crossed recurrence relation satisfied by A n and B n , from which one deduces that
For n = 3 and q = 3, one finds A n = 252 and B n = 225, which explains the shape 224 + 252 + 252 of the factorization of F 3 (x): the first factor corresponds to the nonzero isotropic t ∈ T , and the other two correspond to the t such that H(t) = 1 (respectively, such that H(t) = −1). Similarly, the Galois group of the factor of degree 28 of F 0 (x) is permutationisomorphic to PSU 3 (F 9 ) acting on the isotropic lines of F 3 9 , whereas that of the factor of degree 63 corresponds to the action of PSU 3 (F 9 ) on non-isotropic lines.
Finally, the fact that the value of H is not well defined at a non-isotropic t known up to scaling by F × 9 , but becomes well-defined if we know t up to scaling by {±1, ±i} = Ker Norm :
, explains why the factor of degree 63 of F 0 (x) yields two factors of degree 63 of F 1 (x) instead of one of degree 126.
Remark 5.1. We have also obtained a simpler polynomial of degree 63 defining the same number field as this factor of degree 63. This polynomial is available on the author's web page [Mas] , and we do not reproduce it here. The polynomial of degree 28 displayed above and this polynomial of degree 63 thus solve the inverse Galois problem for the standard actions of the simple group PSU 3 (F 9 ) in respective degrees 28 and 63, and with controlled ramification (only at 2 and 3) to boost! The respective discriminants and signatures of the corresponding number fields are as follows:
Degree for any D ∈ Q × . By taking D = −3, we obtain polynomials corresponding to the representation ρ u,3 ⊗ −3 · whose image is the simple group SU 3 (F 9 ) ≃ PSU 3 (F 9 ), thus again solving the inverse Galois problem for the natural permutation representations of this group. These polynomials are also available on the author's web page [Mas] .
Computation of the image of Frob p
Let L be a Galois number field, given as the splitting field of an irreducible polyno-
In [Dok13] , the Dokchitsers show that if the action of G = Gal(L/Q) on the roots of f (x) in L is known explicitly, then one can compute pairwise coprime resolvents Γ C (x) ∈ Q[x] indexed by the conjugacy classes C of G and such that if the image of Frob p in G lies in C, then the corresponding resolvent
, a is the image of x in A p , and h(x) ∈ Z[x] is a fixed parameter on which the Γ C (x) depend.
The point is that since the Γ C (x) are coprime, they remain coprime mod p for almost all p, so only one of them can vanish at x p and we can tell in which class C the image of Frob p lies. The finitely many p for which this is no longer true are usually quite small, and for these p be get not one but several C that may contain Frob p . If the conjugacy class of Frob p is really wanted for such a p, one should recompute the resolvents with another value of the parameter h.
Since the quotient SU 3 (F 9 ) −→ PSU 3 (F 9 ) is actually an isomorphism, and since det ρ u,3 = −3 · is known explicitly, for each prime p we can recover the image of Frob p by ρ u,3 from its image by the projective version of this representation. Namely, if the image of Frob p by the projective representation is conjugate to M ∈ PSU 3 (F 9 ), then ρ u,3 (Frob p ) is conjugate to
where M ∈ SU 3 (F 9 ) is the image of M by the inverse of this isomorphism.
We thus apply the Dokchitsers' method to the case where f (x) is the polynomial of degree 28 displayed in the previous section. This polynomial has Galois group PSU 3 (F 9 ), and its roots are indexed by the lines of F 3 9 that are isotropic with respect to a certain hermitian form H. We can determine H from the fact that it is preserved by the action of Frob 11 , and after a change of basis of F 3 9 we can assume that H is the standard Hermitian form.
The group PSU 3 (F 9 ) has order 6048, which is small enough that [Magma] can effortlessly decompose it explicitly into conjugacy classes, which is all we need to compute the resolvents Γ C (x).
Thanks to these resolvents, we can now determine the image of Frob p by ρ u,3 for almost all p. Let us start by the primes between 5 and 67, for which the value of the Hecke eigenvalue a p ∈ Z[i] is given in [GT94] . 
